The equivalency of observations in geodetic networks is one of the most important problems in surveying engineering, which has not been seriously considered before. This means that different types of observations should, on average, be equivalent from an accuracy and reliability point of view. In this paper, a method for the second-order design problem of geodetic networks to meet equivalent accuracy and reliability for different groups of observations has been suggested. In this technique, the weights of observations have been improved in such a way that the same average redundancy numbers are obtained for all types of observations. The efficiency of the methodology has been verified by numerical results.
Introduction
The main design criteria in a geodetic network are precision, reliability and geometrical strength, and cost. The precision of a network is expressed in terms of the covariance matrix of unknown parameters, which is the measure of the network's characteristics in propagating random errors. A simple representation of this covariance matrix is based on the absolute and relative error ellipses. The reliability criterion was proposed by Baarda ͑1968͒ and deals with the ability of the geodetic network to detect gross errors in the observations. There is another aspect of reliability criterion called ''robustness analysis '' ͑Vaníček et al. 1990͒ . This criterion expresses the strength of geodetic net points from the strain point of view. Amiri-Simkooei ͑2001a͒ has concluded that the reliability and geometrical strength ͑robustness analysis͒ criteria are strongly correlated to each other.
The purpose of network optimal design is, in general, understood to construct an optimal network configuration and observational plan that will satisfy the postulated network quality criteria ͑e.g., error ellipses and redundancy numbers͒ with minimum cost. Grafarend ͑1974͒ classifies the design orders of a geodetic network to reach an optimum network as: zero-order design ͑ZOD͒, first-order design ͑FOD͒, second-order design ͑SOD͒, and thirdorder design ͑THOD͒. Zero-order design is the choice of an optimum reference datum for defining coordinates and covariance matrices ͑datum matrix D͒. First-order design is the choice of an optimum configuration for a network ͑design matrix A͒. Secondorder design is the choice of optimum weights for observations ͑weight matrix P͒. Third-order design is the choice of a method to improve an existing network. This design order may be a combination of ZOD, FOD, and/or SOD problems.
Second-order design ͑SOD͒, as an important problem, should be considered in optimization and design of geodetic networks. As mentioned, in the SOD stage, we seek the optimum accuracy of the observations. SOD is classically carried out to reach a network with high precision. The reader is referred to Grafarend ͑1974͒, Cross ͑1985͒, Schaffrin ͑1985͒, Bossler et al. ͑1973͒, Wimmer ͑1982͒, and/or Schmitt ͑1985͒. In the present paper, another application of SOD problem is being presented. For this purpose, a new formulation has been suggested that is applicable when we have different groups or categories of observations in the network. One problem, in the SOD stage, of these networks should be the equivalency of the accuracy of different types of observations. In the following sections, the problem is described further and the formulation of the equivalent accuracy design will be presented.
Equivalency of Accuracy of Observations
The equivalency of the accuracy of the observations in a geodetic network is one of the most important problems that has not been seriously considered in evaluation and design of those networks. This means that the different types of observations of a geodetic network should approximately have the same accuracy in order to be merged into the network. For example, consider an equilateral triangle having a side aϭ1,000 m and assume that we have measured three distances and three azimuths ͑two groups of observations͒ of this simple network. If the accuracy of distance observations is l ϭ1 cm, then according to the famous ''length of chord'' equation Sϭl␣, the accuracy of the azimuth observations should be ␣ ϭ0.01/1,000ϭ0.00001 radϭ2.06 s, to have the same accuracy as distances. This means that 2.06 s accuracy for azimuths is 1 cm in the form of linear accuracy for 1 km distance. In this case, the contribution of the distances in the accuracy of the network is the same as azimuths. This is a simple example where the specification of the equivalent accuracy of observations is not difficult. Though the procedure seems to be very much art, the present paper tries to suggest a scientific method. To see what is happening in this simple example, let's consider the observational parametric model for the network with an arbitrary minimum constraint datum ͑i.e., matrices A, P, D͒. It can be simply seen, if one computes the redundancy matrix R ͑see later͒, that the redundancy numbers of distances as well as azimuths will be 0.3333, which equals the average redundancy number. This may imply that, if the redundancy numbers are equal, then observations will have equivalent accuracies. If, in addition, we increase the accuracy of the distances, then conversely, their redundancy numbers will be decreased, and vice versa. This means that more accurate observations are less reliable in the network and vice versa ͑Amiri-Simkooei 2001b͒. Because of this, the observations with equivalent accuracy would be equivalent, on the average, from a reliability point of view.
From the preceding discussions it can be stated that the equality of the redundancy numbers will yield a network wherein different types of its observations have equivalent accuracy. Because the redundancy numbers may depart from a fixed value, it is suggested to design a geodetic network in a way that the same average redundancy numbers are obtained for different groups of its observations. The redundancy number of the observation i is the ith diagonal element of the redundancy matrix R, i.e.
where Aϭdesign matrix of the parametric model; Dϭdatum matrix; Pϭweight matrix of observations; and Iϭidentity matrix. The redundancy numbers r i are always between 0 and 1, and they sum up to the total redundancy of the network ͓see Eq. ͑3͔͒. They reflect the geometrical strength of the network to detect gross errors in the observations. Because of this, the redundancy numbers are the main criteria for internal and external reliability, which was proposed by Baarda ͑1968͒. In the ideal case, where the redundancy numbers r i ϭ1, 100% of any gross errors will be detected in the observations. But in the real case, it is desirable to have a network with relatively large and uniform redundancy numbers ͑close to 1͒ so that the ability of the gross errors detection will be maximum and the same in every part of the network. Traditionally, a special internal and external reliability criterion can be of the type ͑Baarda 1968͒
The ''max'' in Eq. ͑2͒ may be the average redundancy r of the network's observations, which is calculated by
where d f ϭnϪuϩd is the degree of the freedom of the network; nϭnumber of observations; uϭnumber of unknowns; and dϭrank deficiency of the system. If the observations are considered to be divided into m groups, then the design matrix A and the weight matrix P can be partitioned as follows:
where A i(n i ϫu) ϭdesign matrix; and P i(n i ϫn i ) ϭweight matrix of the ith group observables, respectively. The preceding equation leads to
where R i(n i ϫn i ) is, as well, the redundancy matrix of the ith group observations. The trace of Eq. ͑5͒ is denoted by
which is the contribution of the type i observations to the total redundancy ͑degree of freedom d f ) of the system. In a network where the accuracy of the observations is equivalent, the following relations should be valid for different types of observations:
or equivalently
The preceding equation means that the contribution of the ith group of observations to the degree of freedom ͑or to the reliability͒, as well as to the accuracy of the network, would be proportional to the number of ith group observations (n i ). This is the equivalency of the accuracy as well as the equivalency of the reliability of the network's observations. The realization of the equivalent accuracy of different types of observations in geodetic networks is mainly the task of the SOD problem. In the present paper, the formulation of this suggestion is obtained. The efficiency of the derived formulation has been tested by using two examples.
Formulation of Equivalent Accuracy Design
The redundancy matrix in the linear ͑linearized͒ Gauss-Markov model can be derived using the following equation:
As mentioned, the diagonal elements of the matrix R are the redundancy numbers of observations that describe the geometry of the network. In the paper, we elaborate the solution of the SOD problem to reach a network that different groups of its observations are equivalent from an accuracy point of view ͓see Eq. ͑8͔͒. In the SOD stage, the initial weights of the ith group observations should be improved by the scaling factor K as follows:
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We can modify Eq. ͑5͒ by modification of P from Eq. ͑11͒ in such a way that it gives the same average redundancy number as r for the group i observations, i.e.
Using the identity tr͑AB͒ϭtr͑BA͒ and substituting for P K gives
where
Ϫ1 by the Taylor series yields
Rearranging Eq. ͑15͒ results in a quadratic equation as follows:
Neglecting the term tr(N i N Ϫ1 N i N Ϫ1 ) yields a linear equation as follows:
Solving for K from the preceding equations and multiplying by P i gives the optimum weights for the ith group observations. This algorithm should be applied for all groups of observations. Because the Taylor series expansion has been used, the optimum solution should be sought through iterations. The iterations will be stopped when the coefficients K converge to one. The solution of the quadratic Eq. ͑16͒ can be obtained as
If the initial weights of observations depart significantly from the optimum ones, then ⌬ϭb 2 Ϫ4ac may be negative and K will not be a real number. In this case, there are two ways to handle the problem. The first one is to compute the K coefficients by using Eq. ͑18͒ in the first iterations and then apply Eq. ͑16͒. The second one is to use the absolute value of the imaginary number K. The writers have tested both techniques and the results are the same. It should be noted that this technique is useful in obtaining the relative equivalent accuracy of different types of observations.
Numerical Results on Simulated and Real Networks
For verification of the suggested formulation, two examples are presented. The first one is a simulated square ͑regular quadrilateral͒ network and the second example is a real deformation network.
Example 1
In the first example, a square network is assumed. The network consists of four points. Table 1 gives the coordinates of the net points. Two types of observations are considered for this network: six distances ͑first group͒ and eight angles ͑second group͒. Tables The degree of freedom of the network is d f ϭnϩdϪuϭ14ϩ3 Ϫ8ϭ9, and the average redundancy number of observations is rϭd f /nϭ0.6429. Tables 2 and 3 also show the initial redundancy numbers of distance and angle observations. As is seen, the redundancy numbers range from 0.1421 ͑minimum value͒ to 0.9524 ͑maximum value͒. The average redundancy numbers of distance and angle observations, i.e., r 1 and r 2 , are 0.2301 and 0.9524, which depart significantly from the average redundancy number of observations rϭ0.6429. It should be noted that the redundancy numbers of distances are less than those obtained for angles. This means that the distance observations are less reliable ͑and so more accurate͒ than angle observations.
For equivalent accuracy design of the network, the developed methodology has been used. Assuming the accuracy of distances is fixed, the method has only been applied on the accuracy of the angle observations. Table 4 gives the K coefficients to seven iterations. As can be seen, the weights of angles have been increased by factors 8.4943, 1.8045, etc., in each different iteration. Tables 2 and 3 also show the optimal standard deviations and redundancy numbers of distance and angle observations, respectively. The optimal accuracy of angles is more than their initial values. It should be noted that the average redundancy numbers of distances and angles have been converged to the total average redundancy number rϭ0.6429. This is the concept of equivalent accuracy design of a geodetic network.
From the given example, it has been concluded, in a square network with side a ͑km͒, that the following relation, for the purpose of equivalency of its observations, should be valid between the accuracy of distance and angle observations:
where ␣ (s)ϭaccuracy of angle observations; ϭ206264.8; and l ϭb ppmϭbϫ10 Ϫ6 is the accuracy of distance observations.
Example 2
In the second example, a real 2D network is assumed. Fig. 1 illustrates the locations of the net points as well as distance observations ͑angle observations are not included in the figure͒. The datum of the network is provided by inner constraints. Degree of freedom of the network is d f ϭ53ϩ86ϩ3Ϫ30ϭ112, and the average redundancy number of observations is rϭd f /n ϭ0.8058.
For evaluation of the results, only the main results are presented. Table 5 shows the results of initial redundancy numbers. It contains the minimum, maximum, and mean ͑average͒ redundancy numbers of distance and angle observations. For distance observations, the redundancy numbers range from 0.1650 to 0.8157. The average redundancy number ͑initial value͒ of distances is 0.6391, which is less than the average redundancy number r. In the case of angles, the redundancy numbers range from 0.5283 to 0.9937. The average redundancy number ͑initial value͒ of angles is 0.9085, which is more than the average redundancy number r. These results indicate that the distance observations are less, on average, reliable ͑and so more accurate͒ than angle observations. For the purpose of designing the network for equivalent accuracy of its angle and distance observations, the developed methodology has been used. The accuracy of the distances has been considered to be fixed. The relative weights, with respect to distances, of angles have been obtained. Table 6 gives K coefficients to nine iterations. As can be seen, the initial weights of angles have been improved by the factors 2.0046, 1.5985, etc., in different iterations. After design, the optimal accuracy of angles would be 0.2518 s. This means that the initial accuracy of distances, i.e., l ϭ0.35 mmϩ0.35 ppm, is equivalent to the accuracy of angles ␣ ϭ0.2518 s. Table 5 also shows the results of optimal redundancy numbers. It contains the minimum, maximum, and mean ͑average͒ redundancy numbers of the distance and angle observations. For distance observations, the redundancy numbers range from 0.5189 to 0.8956. The average redundancy number ͑optimal value͒ of distances is 0.8058, which is the same as the average redundancy number r. In the case of angles, the redundancy numbers range from 0.3583 to 0.9825. The average redundancy number ͑optimal value͒ of angles is 0.8058, which is the same as the average redundancy number r. These results indicate that the distance and angle observations are, on average, equivalent from a reliability and accuracy point of view.
Concluding Remark
The goal of the present paper was to design, in the SOD stage, a geodetic network where different types of observations are equivalent from both an accuracy and reliability point of view. For this purpose, a developed methodology was suggested. In this method the weights of different types of observations have been improved by a scale factor K, which can be obtained by solving a linear and/or quadratic function, to get the same average redundancy number for all types of observations. The efficiency of the method was tested on both simulated and real networks. 
